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For example, the ozone forming reaction proceeds through formation of metastable O 3 states that are subsequently stabilized by collisions with bath gas molecules:
When different isotopes of oxygen are involved the difference of vibrational zero-point energies (ZPE) of the fragments on the left-and right-hand sides of reaction (1a) gives rise to the second quantum effect-it was shown that scattering resonances within this ZPE range are energetically accessible only from the lower entrance channel, which increases recombination rates by as much as 60% [1] and leads to the anomalously large isotope effect observed in ozone [2] . The third effect is quantum symmetry, which can reduce the recombination rates by 10% to 15% [3] . Note that the classical trajectory simulations or statistical theory only mimic these effects by empirically introducing ad hoc corrections [4, 5] while the fully quantum treatment of the continuum states is very demanding. Although previous authors have recognized the importance of quantum effects, the studies reported to date [1, 6, 7] have been restricted to various approximations and have not achieved a complete solution of the problem. This is why the remarkable anomalous isotope effect discovered 25 years ago in ozone [8, 9] is not yet fully understood [10] . Similar isotope effects are found in NO 2 , S 3 , and SO 2 and it is reasonable to assume that symmetry, resonances, and ZPE, all three being general quantum effects, are responsible for those anomalies as well.
In this Letter we propose a new theoretical approach to recombination reactions which includes all quantum effects and is very affordable computationally. For the first time we apply the semiclassical initial value representation (IVR) method [11] to treat Feshbach-type resonances participating in recombination, particularly those in the vicinity of the ZPE energy range. We demonstrate that this method permits us to capture the quantum ZPE effect and even to obtain the associated anomalous isotope effect. Our approach is general and can be applied to a variety of reactions.
Since the ZPE is essentially a multichannel effect, the simplest potential energy surface (PES) suitable for a proof-of-principle study must have two equivalent entrance or exit channels. For example, there are two channels associated with population and decay of the metastable states of an asymmetric ozone isomer: 16 [1] such as dissociation energy, frequencies at the bottom of the well and in the channels. Other than that, the shape of our PES is general and is quite typical to many barrierless recombination reactions (see Fig. 1 and EPAPS material [12] ). The deep covalent bonding well gives rise to a progression of long-lived scattering resonances and we use the semiclassical IVR method to determine their energies, lifetimes, and wave functions.
In the semiclassical IVR method the initial wave packet r; 0 is expanded over an overcomplete set of N Gaussian functions placed at randomly chosen initial points (r i , p i ) in the phase space, and the time evolution of the wave function r; t is approximated by an integral over this initial phase space. The N independent trajectories are propagated in a usual classical way from (r i , p i ) to (r t , p t ) at time t. In addition, the phase St and the complex preexponential factor Ct are integrated along each trajectory [11] , which allows different trajectories to interfere and contribute coherently into the overall wave function. All quantum mechanical effects arise as a result of this interference. For simplicity, the initial wave packet r; 0 can be chosen as a Gaussian function centered at some point r 0 and characterized by some width parameter . In this case r; t is calculated as a sum of analytical expressions [13] . However, for accurate description of the metastable states the values of r 0 and must be carefully chosen in order to narrow the energy spectrum and maximize overlap with scattering wave functions. We found that in order to capture the metastable states in a barrierless potential the best position for the initial wave packet is far in the channel, as shown in Fig. 1 . The width should be comparable to the expected internodal distance. We also found that propagation of several wave packets is usually required in order to describe all the states in a broad energy range. Note that wave packets placed in the well region of the PES capture mostly the bound vibrational states.
The major difficulty of the semiclassical IVR approach is associated with appearance of chaotic (unstable) trajectories. For such trajectories the prefactor Ct becomes exponentially large, which leads to poor convergence with respect to N and reduces accuracy. This is particularly the case for multidimensional potentials and at long propagation times, both specific to our system. Here, even with N 10 7 the propagation time was limited by the chaotic behavior to only t 0:3-0:4 ps, which is insufficient for spectral analysis. To overcome this problem it was suggested to monitor the values of Ct and remove any trajectory if its prefactor exceeds a chosen cutoff value [14] . Following this procedure we lost up to 15% of trajectories, which is highly undesirable at long propagation times when the sampling is already deteriorated by the wave packet spreading. We adopted a better approach. Since our primarily purpose is to calculate the autocorrelation function Pt h r; 0j r; ti we should remove trajectories only based on the value of the product of prefactor Ct and exponential factor for overlapping Gaussian functions (see Eq. (20) in Ref. [13] ). This new cutoff procedure allowed us to extend the propagation time to 3-4 ps (i.e., by an order of magnitude) keeping the amount of deleted trajectories at only 0.5%. Figure 2 gives an example of the autocorrelation function calculated using our cutoff procedure for a typical initial wave packet. For comparison we propagated the same wave packet using the fully quantum Chebyshev method and the quantum and semiclassical autocorrelation functions agree well during the initial 0.6 ps, after which the quantum method requires a significant extension of the grid (due to fast motion of the wave packet into the channels) and becomes computationally impractical at 1 ps. Note that the semiclassical method allows us to continue propagation without increase in the computational cost. In terms of the CPU time the semiclassical IVR was about 4 times faster. Another important feature of the IVR is its intrinsic massive parallelization. The N trajectories are totally independent and can be distributed among different processors and propagated in parallel without any message passing which gives a tremendous advantage in terms of the wall clock time. For example, we run our calculations using 1024 processors of the Seaborg machine at NERSC and achieved acceleration by another factor of 10 3 compared to oneprocessor quantum propagation.
Energies E n and widths ÿ n of the scattering resonances were extracted from the autocorrelation function using the Prony method [15] . This approach fits Pt obtained on a grid of time points by a function Pt P L n1 b n expfÿiE n ÿ iÿ n =2tg where the b n are probability amplitudes. Each autocorrelation function was analyzed several times trying different values of L. The uncertainty of each E n and ÿ n was estimated as its deviation from an average value when L is varied. For the 16 
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138301-2 states (below ZPE) the uncertainties of E n are within 0:2 cm ÿ1 . For scattering resonances in the ZPE range the uncertainties are about 0:4 cm ÿ1 while for upper resonances near 900 cm ÿ1 they reach 1 cm ÿ1 . The uncertainties associated with widths are somewhat larger and depend on state character. Thus, for broader resonances the uncertainty of ÿ n is usually less then 10% of its value and ranges from 1.5 to 30 cm ÿ1 . Note that within the ZPE range there are several very narrow (sub-wave-number) resonances and determination of accurate ÿ n for those is not simple. One way to improve precision is to obtain (from the first propagation of Gaussian wave packet) the eigenfunction and to repeat propagation using it as a better initial function r; 0. This approach allowed us to narrow the range of uncertainty for widths of these states down to about 0:05 cm ÿ1 , which corresponds to lifetimes on the order of 100 ps. Further improvement is still desirable and in future work we plan to replace the Prony method by another method of analysis of Pt, that would be less sensitive to the noise which appears in the IVR autocorrelation function at t > 0:8 ps (see Fig. 2 ).
When energies E n are known the wave functions of the metastable states can be found as Fourier transform of the propagated wave packets. Analysis of wave functions shows a very clear correlation between the nature of states and their lifetimes. First of all, we found that the majority of the metastable states exhibit local vibration mode character, either 16 Fig. 4 is localized in the open channel it decays faster, while the state of Fig. 3 is localized in the closed channel and should ''flow'' through the interaction region in order to reach the channel open for decay. This interesting property is an important finding of this Letter and is an example of a mode specific decay [16] . The resonances in this problem occur due to interaction of two local vibration modes, 16 tion in Fig. 4 is not purely one-dimensional; it exhibits some probability in the well region and towards the other channel, especially its imaginary part [13] .
The wave functions for other states in Table I look very similar to those in Figs. 3 and 4 and can be attributed to one or the other progression. (One exception is a hyperspherical state [16] at 891:3 cm ÿ1 which is about symmetric.) Note that above the ZPE range the two progressions of the local vibration states continue, but their lifetimes become comparable since both channels are open at these energies. The wave functions of long-lived states, like the one in Fig. 3 , are basically real valued, while the wave functions of fast-decaying states exhibit a non-negligible imaginary part, as shown in Figs. 4(b) and 4(c).
To model the kinetics we consider the processes of formation, decay, and stabilization of the metastable states. Lifetimes define the decay rates; formation rates are obtained from the equilibrium condition for reaction (1a); stabilization rates are calculated using the ''exponential down'' model k s nm expfÿE n ÿ E m =Eg with E 20:0 cm ÿ1 . We include stabilizing transitions n ! m from every metastable state into all other metastable and several upper bound states within each progression. Details of this treatment will be given elsewhere. The same isotopomer 16 O 16 O 18 O can be formed from the two channels and we focus on ratio of the rate coefficients R k 181616 =k 161618 . The metastable states above the ZPE range are energetically accessible from both channels and overall they contribute about equally to k 181616 and k 161618 . Here each localized state is associated with its channel while the contribution of a symmetric state is split. The anomalous isotope effect (R < 1) appears because the states within the ZPE range can be populated only from one channel, 16 O 16 O 18 O, and when stabilized they contribute exclusively to this channel of reaction, regardless of their vibrational character. The resultant effect is significant but we found that the uncertainty of the ÿ n values for narrow resonances in the ZPE range leads to some uncertainty in the magnitude of the effect. Thus, if for those narrow states we take the upper values of ÿ n (see Table I ) the isotope effect we observe is R 0:36. Taking the lower values for every such ÿ n we obtain R 0:72. The experimental value for ozone, R exp 0:63 [2] , falls into this range and is closer to the second case. It is also important to mention that within our model there are two limiting cases when the actual values of ÿ n become unimportant. The limit of very narrow resonances ÿ n k s nm M is achieved when ÿ n < 0:003 cm ÿ1 ( > 2 ns). Narrow resonances do not receive any population from the open channel and basically behave like the bound states in the closed channel, which makes this isotope effect disappear. In the opposite limit (ÿ n k s nm M, achieved when ÿ n > 0:4 cm ÿ1 or < 13 ps) the isotope effect is at a maximum and gives R 0:15.
In this Letter we applied the semiclassical IVR approach to fully characterize scattering resonances in a recombination reaction. Our approach is computationally affordable and highly parallel; it captures the ZPE effect and reproduces the anomalous isotope effect. Here we used oxygen masses and the PES similar to ozone just because ozone is well studied experimentally, but the method is general and can be used for a variety of reactions. We found that wave functions of the metastable states are localized in one of the channels (either open or closed) which explains the pattern of lifetimes. The anomalously large isotope effect is due to Feshbach-type resonances in the ZPE range. The magnitude of the effect is determined by their lifetimes and (in a general limiting case) can reach 85% of the rate.
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